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One-electron scattering rate and normal-state linear-T resistivity of the cuprates
J. M. P. Carmelo
GCEP-Centre of Physics, University of Minho, Campus Gualtar, P-4710-057 Braga, Portugal.
Here we use a description of the electronic correlations contained in the Hubbard model on the
square-lattice perturbed by very weak three-dimensional uniaxial anisotropy in terms of the residual
interactions of charge c fermions and spin-neutral composite two-spinon s1 fermions. Excellent
quantitative agreement with the anisotropic linear-ω one-electron scattering rate and normal-state
linear-T resistivity observed in experiments on hole-doped cuprates with critical concentrations
xc ≈ 0.05 and x∗ ≈ 0.27 is achieved. Our results provide strong evidence that the normal-state
linear-T resistivity is a manifestation of low-temperature scale-invariant physics.
I. INTRODUCTION
There is evidence of quantum critical behaviour in
the cuprate superconductors1–5. Its physical nature and
the mechanism underlying the pairing state6–9 are not
well understood. Here we use a description of the elec-
tronic correlations contained in the Hubbard model on
the square-lattice6,7,10 perturbed by very weak three-
dimensional (3D) uniaxial anisotropy in terms of the
residual interactions of charge c fermions and spin-
neutral composite two-spinon s1 fermions10–12. The in-
terplay of the c Fermi line isotropy with the s1 band
boundary line anisotropy plays a major role in the
one-electron scattering properties. Excellent quantita-
tive agreement with the anisotropic linear-ω one-electron
scattering rate and normal-state linear-T resistivity ob-
served in experiments on hole-doped cuprates with crit-
ical concentrations xc ≈ 0.05 and x∗ ≈ 0.27 is achieved.
Our results provide strong evidence that the normal-state
linear-T resistivity is a manifestation of low-temperature
scale-invariant physics near a hole concentration xc2 ≈
0.20− 0.22.
Recent experiments on the hole-doped cuprate
superconductors3,4,9,13–26 impose new severe constraints
on the mechanisms responsible for their unusual proper-
ties. The above toy model provides the simplest realis-
tic description of the role of correlations effects in these
properties. It involves the effective transfer integrals t
and t⊥ ≪ t and effective on-site repulsion U .
An extended presentation of the results of this
manuscript, including needed supplementary informa-
tion, can be found in Ref.11.
II. THE VIRTUAL-ELECTRON PAIR
QUANTUM LIQUID
The virtual-electron pair quantum liquid (VEPQL)12
describes that toy model electronic correlations in terms
of residual c - s1 fermion interactions. Alike the Fermi-
liquid quasi-particle momenta11,27, those of the c and s1
fermions are close to good quantum numbers10,12.
The results of Ref.12 provide strong evidence that
for hole concentrations x ∈ (xc, x∗) the VEPQL short-
range spin order coexists with a long-range d-wave super-
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FIG. 1: The theoretical and LSCO scattering-rate
linear-ω coefficient. The theoretical coefficient α(φ) given
in Ref.11 (solid line) for x = 0.145 and the LSCO parame-
ters of the Table I together with the experimental points for
the corresponding coefficients [αI(φ)−αI(pi/4)] and [αII(φ)−
αII(pi/4)] of Fig. 4 (c) of Ref.
20.
conducting order consistent with unconventional super-
conductivity being mediated by magnetic fluctuations13.
The virtual-electron pair configurations involve one zero-
momentum c fermion pair of charge −2e and one spin-
singlet two-spin-1/2 spinon s1 fermion. The VEPQL pre-
dictions achieve an excellent agreement with the cuprates
universal properties12 and consistency with the coexist-
ing two-gap scenario9,18,24,25: A dome-like superconduct-
ing energy scale 2|Ω| and pseudogap 2|∆|, over the whole
dome x ∈ (xc, x∗). Those are the maximum magnitudes
of the superconducting virtual-electron pairing energy
and spin-singlet spinon pairing energy, respectively.
In the ground state there is no one-to-one correspon-
dence between a c fermion pair and a two-spinon s1
fermion: The strong effective coupling of c fermion pairs
whose hole momenta ~q h and −~q h belong to an approx-
imately circular c − sc line centered at −~π = −[π, π],
of radius qh = |~q h| ∈ (qhFc, qhec) and c fermion energy
|ǫc(qh)| ∈ (0,Wec), results from interactions with well-
defined s1 fermions. Those have s1 band momentum ~q
belonging to a corresponding s1 − sc line arc centered
at ~0 = [0, 0]. Here |ǫc(qhFc)| = 0 and |ǫc(qhec)| = Wec.
For Fermi angles φ ∈ (0, π/2) a s1 − sc line arc can be
labelled either by its nodal momentum absolute value
qNarc = q
N
arc(q
h) ∈ (qNec, qNBs1) or angular width 2φarc ∈
(0, π/2) given in Ref.11. qNBs1 = q
N
Bs1(q
h
Fc) is the s1 band
nodal boundary-line momentum10,12, qhFc ≈
√
xπ 2 and
qNec = q
N
ec(q
h
ec) and q
h
ec are given in that reference. The en-
ergy needed for the c fermion strong effective coupling is
supplied by the short-range spin correlations through the
2c - s1 fermion interactions within each virtual-electron
pair configuration. Virtual-electron pairs exist in vir-
tual intermediate states of pair-breaking one-electron and
spin excitations. Provided that the c fermion effec-
tive coupling is strong, virtual-electron pair breaking un-
der one-electron removal excitations gives rise to sharp-
feature-line arcs centered at momenta ±~π = ±[π, π] in
one-to-one correspondence to the s1 − sc-line arcs of its
s1 fermion. Such sharp-feature-line arcs have angular
range φ ∈ (π/4−φarc, π/4+φarc), energy E ≈ 2Wec(1−
sin 2φarc) and well-defined hole momentum ~k
h = ~k + ~π
and thus exist only for E < E1(φ) = 2Wec(1− | cos 2φ|).
The macroscopic condensate refers to zero-momentum c
fermion pairs whose phases θ = θ0 + θ1 line up. The
fluctuations of θ0 and θ1 become large for x → xc and
x→ x∗, respectively. The dome x dependence of the crit-
ical temperature Tc given in Refs.
11,12 is fully determined
by the interplay of such fluctuations. A pseudogap state
with short-range spin order and virtual-electron pair con-
figurations without phase coherence occurs for tempera-
tures T ∈ (Tc, T ∗) where T ∗ is the pseudgap temperature
also given in these references. At T = 0 a normal state
emerges by application of a magnetic field aligned per-
pendicular to the planes of magnitude H ∈ (H0, Hc2) for
x ∈ (x0, xc2) and H ∈ (H0, H∗) for x ∈ (xc2, x∗). The
fields H0, Hc2 and H
∗ are given in Refs.11,12.
III. THE ONE-ELECTRON SCATTERING RATE
AND NORMAL-STATE LINEAR-T RESISTIVITY
OF THE HOLE-DOPED CUPRATES
The main goals of this paper are: i) The study of
the one-electron scattering rate and normal-state T -
dependent resistivity within the VEPQL; ii) Contribut-
ing to the further understanding of the role of scale-
invariant physics in the unusual scattering properties of
the hole-doped cuprates. The parameters appropriate to
YBa2Cu3O6+δ (YBCO 123) and La2−xSrxCuO4 (LSCO)
found in Ref.12 are given in Table I.
Our results refer to a range x ∈ (xA, xc2) for which
V ∆Bs1/VFc ≪ 1 where the s1 boundary line and c Fermi
velocities are given in Refs.11,12 and xA ≈ x∗/2 = 0.135.
For x ∈ (xc2, x∗) that condition is also fulfilled but there
emerge competing scattering processes difficult to de-
scribe in terms of c - s1 fermion interactions. Con-
sistently with the validity of our scheme, in Ref.11 it
is shown that the VEPQL predictions agree quantita-
tively with the distribution of the experimental LSCO
sharp photoemission spectral features. As predicted,
they occur for energies E(φ) < E1(φ) and the cor-
responding energy, nodal-momentum and sharp-feature
line arcs angular ranges agree with the theoretical mag-
nitudes. Such an analysis reveals clear experimental
spectral signatures of the VEPQL virtual-electron pair-
ing mechanism. A Fermi’s golden rule in terms of the
c - s1 fermion interactions is then used in Ref.11 to
calculate for the parameters of Table I, small ~ω and
U/4t t ∆0 xc
system (meV) (meV)
YBCO 123 1.525 295 84 0.05
LSCO 1.525 295 42 0.05
TABLE I: The magnitudes of four basic parameters appro-
priate to YBCO 123 and LSCO within the VEPQL scheme
of Ref. [11]. The magnitude of the ratio U/4t given here is
set so that the T = 0 dome upper critical hole concentra-
tion reads x∗ = 0.27. Those of the effective transfer integral
t and energy parameter ∆0 control the magnitudes of the
VEPQL energy scales. The magnitudes of the suppression
coefficient γmind = 0.95 for YBCO 123 and γ
min
d = 0.82 for
LSCO reached at x = xop = 0.16 account for the small ef-
fects of superfluid density anisotropy and intrinsic disorder,
respectively, on the critical temperature Tc of Eq. (??). They
do not play an important role in the quantities studied in the
letter. Moreover, the magnitudes ε2 = 6.2 × 10−3 for YBCO
123 and ε2 = 3.4×10−4 for LSCO of the very small 3D uniax-
ial anisotropy coefficient ε2 ∝ t⊥/t defined in Ref.
12 are set so
that the T = 0 lower dome critical hole concentration reads
xc ≈ 0.05, as given in this table.
both the normal and superconducting states the one-
electron inverse lifetime ~/τel ≈ ~ω πατel and scatter-
ing rate Γ(φ, ω) = 1/[τel VF ] ≈ ~ω πα. Here VF is the
Fermi velocity, ατel = [π/16
√
xxop](cos 2φ)
2 and α =
(cos 2φ)2/(x 64x∗
√
πxop t) where xop = (x∗ + xc)/2 =
0.16. (We use units of lattice constant a = 1.) As dis-
cussed in Ref.11, such small-~ω expressions are expected
to remain valid for approximately ~ω < E1(φ). The fac-
tor (cos 2φ)2 also appears in the anisotropic component
of the scattering rate studied in Ref.26 for hole concen-
trations x > xc2. For x = 0.145 the use of the Table
I LSCO parameters leads to the theoretical coefficient
α(φ) plotted in Fig. 1 (solid line) together with the ex-
perimental points of Fig. 4 (c) of Ref.20 for the coeffi-
cients [αI(φ) − αI(π/4)] and [αII(φ) − αII(π/4)]. (The
very small αI(π/4) magnitude and small αII(π/4) mag-
nitude are related to processes that are not contained in
the VEPQL.) An excellent quantitative agreement is ob-
tained between α(φ) and the experimental points of both
[αI(φ) − αI(π/4)] and [αII(φ) − αII(π/4)].
In the following we provide strong evidence from agree-
ment between theory and experiments that the linear-T
resistivity is indeed a manifestation of normal-state scale-
invariant physics. This requires that the T -dependence of
the inverse relaxation lifetime derived for finite magnetic
field, x ∈ (xA, xc2) and ~ω ≪ πkB T by replacing ~ω by
πkB T in the one-electron inverse lifetime 1/τel and av-
eraging over the Fermi line leads to the observed low-T
resistivity. The use in the Appendix A of that procedure
leads to the following resistivity expression,
ρ(T ) ≈
(
~ d‖
te2
)(π
4
)3 x∗
x3/2
√
xop
πkBT . (1)
Consistency with the above ~/τel expression validity
range ~ω < E1(φ) implies that the behaviour (1) remains
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FIG. 2: Theoretical and LSCO linear-T resistivity. The
T dependence of the resistivity ρ(T, 0) = θ(T − Tc) ρ(T ) with
ρ(T ) given in Eq. (1) for x ∈ (xA, xc2) where xA ≈ 0.135 and
xc2 ≈ 0.20− 0.22 and the parameter magnitudes of the Table
I for LSCO and corresponding experimental curves. Experi-
mental curves figure from Ref.28.
dominant in the normal-state range T ∈ (0, T1). Here,
T1 ≈ 2
π
∫ pi/2
0
dφ
E1(φ)
kB
=
(2π − 4)Wec
π2kB
. (2)
At x = 0.16 use of the parameters of the Table I gives
T1 ≈ 554K for LSCO and T1 ≈ 1107K for YBCO
123. Extrapolation of expression (1) to H = 0 leads
to ρ(T, 0) ≈ θ(T − Tc)ρ(T ) for T < T1. Here the critical
low-T resistivity behaviour (1) is masked by the onset of
superconductivity at T = Tc.
We now compare our theoretical linear-T resistivity
with that of LSCO28 and YBCO 12329 for H = 0 and T
up to 300K. Transport in the b direction has for YBCO
123 contributions from the CuO chains, which render our
results unsuitable. In turn, ρa(T, 0) ≈ θ(T − Tc)ρ(T )
at H = 0 for the a direction. ρ(T, 0) and ρa(T, 0) are
plotted in Figs. 2 and 3 for the Table I parameters
for LSCO and YBCO 123, respectively. x is between
x ≈ xA ≈ 0.135 and xc2 ≈ 0.20 − 22 for the LSCO the-
oretical lines of Fig. 2. Fig. 3 for YBCO 123 refers to
three x values near xop, expressed in terms of the oxygen
content. Comparison of the theoretical curves of Fig. 2
with the LSCO resistivity curves of Ref.28 also shown in
the figure confirms an excellent quantitative agreement
between theory and experiments for the present range
x ∈ (xA, xc2). In turn, for YBCO 123 our scheme pro-
vides a good quantitative description of the experimental
curves near xop, for y = 6.95, 7.00. The y = 6.85 experi-
mental curve of Ref.29 already deviates from the linear-T
behaviour. The corresponding effective hole concentra-
tion xA ≈ 0.15 is for that material consistent with the
inequality xA ∈ (0.12, 0.15) found in Ref.11. In turn, for
x > xc2 a competing scattering channel emerges, leading
to an additional T 2-quadratic resistivity contribution3,4.
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FIG. 3: Theoretical and YBCO 123 linear-T resistivity.
The T dependence of the resistivity ρa(T, 0) = θ(T −Tc) ρ(T )
where ρ(T ) is given in (1) for the parameter magnitudes of
the Table I for YBCO 123 and corresponding experimental
curves of Ref.29 for a set of y values. The oxygen content
y − 6 is obtained from x by use of Fig. 4 (a) of Ref.30. The
theoretical Tc is larger at y = 6.95 than for y = 6.85, 7.00.
This is alike in the inset of the second figure. Experimental
curves figure from Ref.29.
IV. CONCLUDING REMARKS
That the dependence on the Fermi angle φ ∈ (0, π/2)
of the scattering-rate coefficient α = ατel/~VF associ-
ated with that of the inverse lifetime ~/τel ≈ ~ω πατel
agrees with the experimental points of Fig. 1 seems
to confirm the evidence provided in Refs.10,12 that the
VEPQL may contain some of the main mechanisms be-
hind the unusual properties of the hole-doped cuprates.
That in addition the inverse relaxation lifetime 1/τ T -
dependence obtained for ~ω ≪ πkB T and x ∈ (xA, xc2)
by merely replacing ~ω by πkB T in 1/τel and averag-
ing over the Fermi line leads to astonishing quantita-
tive agreement with the resistivity experimental lines is a
stronger surprising result. Consistently, for ~ω ≪ πkB T
and x ∈ (xA, xc2) the system exhibits dynamics char-
acterized by the relaxation time τ = ~A/πkB T of Eq.
(A2) of the Appendix A, where A = [32
√
xxop/π
2] ≈ 1
for x > xA. This second stronger result provides clear ev-
idence of normal-state scale-invariant physics. It may fol-
low from beyond mean-field theory the T = 0 lineHc2(x),
plotted in Fig. S1 for x ∈ (x0, xc2), referring to a true
quantum phase transition. Such a transition could occur
between a state with long-range spin order regulated by
monopoles and antimonopoles for H > Hc2 and a vortex
liquid by vortices and antivortices for H < Hc2. That
would be a generalization for Hc2 > 0 of the quantum
phase transition speculated to occur at xc2 ≈ x0 and
Hc2 ≈ 0 in Ref.8. The field H∗ marks a change from
a short-range spin order to a disordered state and thus
refers to a crossover. Hence the normal-state scale in-
variance occurring for x ∈ (xA, xc2) could result from
the hole concentration xc2 ≈ 0.2, where the lines of Fig.
S1 associated with the fields Hc2(x) and H
∗(x) meet, re-
ferring to a quantum critical point1,2. Such a quantum
critical point may prevent the competing T 2-quadratic
resistivity contribution to strengthen below x = xc2.
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Appendix A: Methods used in our studies
Our general method relies on the use of a suitable de-
scription in terms of c and s1 fermions whose momenta
are close to good quantum numbers of the square-lattice
quantum liquids studied in Refs.10,12. The low-T resistiv-
ity (1) is accessed for the normal state reached by apply-
ing a magnetic field perpendicular to the planes, which
remains unaltered down to T = 0, as in the cuprates3.
The field serves merely to remove superconductivity and
achieve the H-independent term ρ(T ) of,
ρ(T,H) = ρ(T ) + δρ(T,H) , (A1)
where δρ(T,H) is the magnetoresistance contribution.
The T -dependent inverse relaxation lifetime derived for
finite field, x ∈ (xA, xc2) and ~ω ≪ πkB T by replac-
ing ~ω by πkB T in the one-electron inverse lifetime
~/τel ≈ ~ω πατel and averaging over the Fermi line is
given by,
1
τ(T )
=
2
π
(∫ pi/2
0
dφ
1
τel
) ∣∣∣
~ω=pikBT
=
1
~A
πkBT ,
A =
32
π2
√
xxop , x ∈ (xA, xc2) . (A2)
The hole concentration xA ≈ x∗/2 is that at which A ≈
0.5 becomes of order one. The normal-state resistivity
H-independent term ρ(T ) of Eq. (A1) then reads,
ρ(T ) ≈
(
mρc d‖
xe2
)
1
τ(T )
; mρc =
~
2πx∗
2t
, (A3)
where mρc is the c fermion transport mass
10. Combi-
nation of Eqs. (A2) and (A3) leads to the resistivity
expression given in Eq. (1).
The method used in Ref.11 to derive the one-electron
inverse lifetime 1/τel appearing in the inverse relaxation
lifetime of Eq. (A2) is only valid for the hole concentra-
tion range x ∈ (xA, xc2) for which r∆ = V ∆Bs1/VFc ≪ 1.
Indeed, for x ∈ (xc, xA) the velocity ratio r∆ becomes too
large. As a result the simple form given in Ref.11 for the
matrix element absolute value |Wc,s1(~q h, ~q; ~p)| of the c -
s1 fermion effective interaction between the initial and fi-
nal states is not anymore a good approximation. Consis-
tently with the experimental resistivity curves of Fig. 2,
the non-linear T dependence of the resistivity developing
for approximately x < xA for a range of low temperatures
that increases upon decreasing x is in part due to the in-
creasingly strong effects of the s1 fermion boundary-line
velocity anisotropy. Our method does not apply to that
regime. In turn, for the present range x ∈ (xA, xc2) the
interplay of the c Fermi line isotropy and s1 boundary line
d-wave like anisotropy10,12 also plays an important role.
It is behind the c - s1 fermion inelastic collisions leading
to anisotropic one-electron scattering properties associ-
ated with the factor (cos 2φ)2 in the above one-electron
scattering rate expression.
The linear upper magnetic field Hc2(x) line plotted in
Refs.11,12 for x ∈ (x0, xc2) is for x ∈ (x0, xc1) derived in
Ref.12 by means of a method introduced in Ref.8. Here
x0 ≈ 0.013, xc1 = 1/8 and xc2 ≈ 0.20. However, for x ∈
(x1, xc2) the actual Hc2(x) line may (or may not) slightly
deviate to below the straight line plotted in the figure.
If so, the hole concentration xc2 ≈ 0.20 may increase to
≈ 0.21−0.22. Fortunately, such a possible deviation does
not change the physics discussed in this letter.
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